Free vibration analysis of thick functionally graded nanocomposite annular and solid disks with variable thickness reinforced by single-walled carbon nanotubes (SWCNTs) is presented. Four types of distribution of uniaxial aligned SWCNTs are considered: uniform and three kinds of functionally graded (FG) distribution through radial direction of the disk. The effective material properties of the nanocomposite disk are estimated by a micro mechanical model. The axisymmetric conditions are assumed and employing the graded finite element method (GFEM), the equations are solved. The solution is considered for four different thickness profiles, namely constant, linear, concave and convex. The achieved results show that the type of distribution and volume fraction of CNTs and thickness profile have a great effect on normalized natural frequencies.
Introduction
In the recent years, nano-structured materials such as nanocomposites, have generated considerable interest in the material research community and became an attractive new subject in material science due to their potentially impressive mechanical properties. Carbon nanotubes (CNTs) have illustrated remarkable mechanical, thermal and electrical properties. For example, they could potentially have a Young's modulus as high as 1 TPa and a tensile strength approaching 100 GPa (Odegard et al., 2002) . These enormous advantages make them highly desirable candidates for the reinforcement of polymer composites, provided that good interfacial bonding between CNTs and polymer and proper dispersion of the individual CNTs in the polymeric matrix can be assured (Fiedler et al., 2006) .
The majority of researches performed on carbon nanotube reinforced composites (CNTRCs) are focused on their material properties (Esawi and Farag, 2007 ; Thostenson et al., 2001; Dai, 2006; Kang et al., 2006; Lau et al., 2006) . Han and Elliott (2007) , by the use of molecular dynamic simulation (MD), obtained the elastic modulus of composite structures reinforced by CNTs and studied the effect of volume fraction of SWCNTs on mechanical properties of nanocomposites. Hu et al. (2005) , by analyzing the elastic deformation of a representative volume element (RVE) under various loading conditions, evaluated the macroscopic elastic properties of CNTRCs. Zhu et al. (2007) studied the effect of CNTs on the mechanical properties of polymeric composites. Their results showed that adding CNTs could greatly improve Young's modulus. Due to dependency of the interaction at the polymer and nanotube interface on the local molecular structure and bonding, Odegard et al. (2003) a constitutive model for CNTRCs by utilizing an equivalent-continuum modeling method proposed.
Functionally graded materials (FGMs) are special composite materials, microscopically inhomogeneous, in which mechanical properties vary smoothly and continuously from one surface to the other. This idea was used for the first time by Japanese researchers (Koizumi, 1993) and led to the concept of FGMs. A wide range of researches have been carried out on FGMs in various fields of mechanics. Motivated by the concept of FGMs, Shen (2009) presented a kind of CNTRCs in which the volume fraction of CNTs is graded with certain rules through desired directions and demonstrated that using FG-CNTRCs improve the mechanical properties of the structures. Zhu et al. (2012) studied bending and free vibration analyses of composite plates reinforced by SWCNTs using the finite element method based on the first order shear deformation plate theory. The effective material properties of the FG-CNTRC are graded in the thickness direction and are estimated according to the rule of mixture. Zafarmand and Kadkhodayan (2015) investigated nonlinear behaviour of FG-CNTRC rotating thick disks with variable thickness where the nonlinear axisymmetric theory of elasticity is employed. The three dimensional free vibration analysis of FC-CNTRC panels was investigated by Yas et al. (2013) . The boundary conditions were assumed to be simply supported and the equations were solved by a generalized differential quadrature (GDQ) method. Ke et al. (2010) performed nonlinear free vibration analysis of FG-CNTRC beams based on Timoshenko beam theory and Von-Karman geometric nonlinearity. The Ritz method was applied to derive the governing eigenvalue equation which was then solved by a direct iterative method to obtain the nonlinear vibration frequencies of FG-CNTRC beams with different end supports. Sobhani Aragh and Yas (2010) investigated the static and free vibration characteristics of continuously graded fiber-reinforced (CGFR) cylindrical shells based on three dimensional elasticity. The boundary conditions were assumed to be simply supported and the equations were solved by a GDQ method. Moreover, several researches were carried out about free vibration analysis of FG disks with variable thickness (Alipour et al., 2010; Gupta et al., 2007; Efraim and Eisenberger, 2007; Tajeddini and Ohadi, 2011) .
The purpose of this paper is to investigate free vibration analysis of thick FG-CNTRC annular and solid disks with variable thickness. Material properties are assumed to vary continuously through radial direction. The effective material properties of FG-CNTRC disks are estimated using a micro-mechanical model and the normalized natural frequencies of FG-CNTRC annular and solid disks for various types of distributions and volume fractions of CNTs, boundary conditions and thickness to radius ratios as well as different kinds of thickness profiles are computed and compared. The difficulty in obtaining analytical solutions for the response of graded material systems is due to the dispersive nature of heterogeneous material systems. Therefore, analytical or semi-analytical solutions are available only through a number of problems with simple boundary conditions. Thus, in order to find the solution for a thick FG-CNTRC disk of variable thickness with various boundary conditions, powerful numerical methods such as the graded finite element method (GFEM) are needed. The graded finite element incorporates the gradient of material properties at the element scale in the framework of a generalized isoparametric formulation. Some studies can be found in the literature on the modeling of non-homogenous structures by using GFEM (Kim and 
Problem formulation
In this Section, different types of CNTs distributions through radial direction of the disk is introduced. The axisymmetric governing equations of motion are obtained and the graded finite element method is used for modeling the non-homogeneity of the material.
Material properties in FG-CNTRC disks
A thick FG-CNTRC disk of inner radius a, outer radius b and variable thickness h(r) is considered. The geometry and coordinate system of the disk is shown in Fig. 1 . This FG-CNTRC disk consists of SWCNTs (along the radial direction) and an isotropic matrix. UD-CNTRC represents the uniform distribution and FG V, FG O and FG X-CNTRC, the functionally graded distribution of CNTs in the radial direction of the nanocomposite disk. Several studies have been published each with different focuses on mechanical properties of CNTRCs. However, due to the simplicity and convenience, in the present study, the rule of mixture is employed, and thus the effective material properties of CNTRC disk can be obtained as (Shen, 2009 )
where
and ρ CN T are elasticity modulus, shear modulus, Poisson's ratio and density, respectively, of the CNTs, and E m , G m , ν m and ρ m are the corresponding properties of the matrix. η j (j = 1, 2, 3) is the CNTs' efficiency parameter which can be computed by matching the elastic modulus of CNTRCs observed from the MD simulation results with those obtained from the rule of mixture. V CN T and V m are volume fractions of the CNTs and matrix, respectively, which are related by V CN T + V m = 1. The type of distribution and volume fraction of the CNTs has serious effects on the disk behavior. As has been mentioned previously, four types of distribution are utilized in this study; that is either uniformly distributed (UD) or functionally graded (FG) in the radial direction of the disk. These types with the distribution for a section in the r-z plane of the disk with a constant thickness profile are depicted in Fig. 2 (the dash lines are CNTs in a huge scale). Distributions of CNTs through the radial direction of these four types of CNTRC disks are assumed to be as (Shen, 2009 )
in which
where w CN T is the mass fraction of CNTs which does not depend on the variable r and is unique for all types of distribution. ρ CN T and ρ m are the densities of CNTs and matrix, respectively. 
Governing equations
The governing equations may be obtained based on Hamilton's principle
where Π and T are potential and kinetic energy, respectively. These functions and their variations are
where Ω is the volume of the domain under consideration and ρ is the mass density that depends on the r coordinate. Substituting Eqs. (2.5) into Hamilton's principle (Eq. (2.4)), applying the side conditions δU| t 1 ,t 2 = 0 and using part integration, one obtains
The stress-strain relations from Hook's law in matrix form are as
where the stress and strain components and the coefficients of elasticity D are as in the following relations
where E i , G ij and ν ij are found from (2.1). It is obvious that the matrix D is dependent on the spatial variable r.
The strain-displacement equations based on the theory of linear theory of elasticity in cylindrical coordinates with the axisymmetric assumption are
where u and w are the radial and axial components of the displacement, respectively. Equation (2.10) can be formulated in the matrix form as
in which U is the displacements vector and L is a matrix containing partial differentiating equations as
Moreover, the boundary conditions used in this study are defined as follows:
Graded finite element modeling
In order to solve the governing equations, the isoparametric finite element method with graded element properties is employed. For this purpose, the variational formulation is considered. In conventional finite element formulations, a predetermined set of material properties are used for each element such that the property field is constant within an individual element. For modeling a continuously nonhomogeneous material, the material property function must be discretized according to the size of elements mesh. This approximation can provide significant discontinuities. Based on these facts, the graded finite element is strongly preferable for the modeling of the present problem. Using the graded elements for the modeling of gradation of the material leads to more accurate results than dividing the solution domain into homogenous elements.
The finite element approximation of the domain is in the r-z plane, which is the plane of revolution. The section of the cylinder in the r-z plane is considered and divided into a number of simplex linear quadrilateral elements. For convenience, we use the local coordinate with its variables (ξ, η) between −1 to 1, as shown in Fig. 3 . where Φ is the matrix of linear shape functions in the local coordinate and Λ (e) is the nodal displacement vector of the element, which is
To treat the material inhomogeneity by using the GFEM, it may be written where the mass and stiffness matrices are defined as
For finding the components of mass and stiffness matrices, the integral must be taken over the elements volume. As D and ρ are not constant in the case of FG types distributions, these matrices are evaluated by numerical integration for each element using the Gauss-Legendre technique (Zienkiewicz, 2005) . Now by assembling the element matrices, the global equations of motion for the FG-CNTRC disks can be obtained as
Once the finite element equations are estimated, substituting Λ = Λ 0 e iωt (ω is the natural frequency) into Eq. (2.22) leads to an eigenvalue problem that can be solved using standard eigenvalue extraction procedures.
In this regard, for calculating the elemental characteristic matrices (2.21) with the use of Gauss-Legendre technique, obtaining the global ones and solve the eigenvalue problem after imposing the boundary conditions, a FE code is prepared by the authors.
Numerical results and discussion

Validation
To validate the current work, the data of a non-homogeneous solid circular plate with variable thickness can be used (Gupta et al., 2007) . The outer radius of the disk is r o and the variable thickness is defined as
where h 0 , α and β are the thickness at the middle and taper parameters, respectively. The elasticity modulus and density vary in the r direction as below
in which µ and η are non-homogeneity parameters. The comparison of the first three frequency parameter (Ω = ω ρ 0 r 2 0 (1 − ν 2 )/E 0 ) for a circular plate of η = −0.5, µ = 0.1, α = −0.5 and β = 0.5 with the published data is shown in Table 1 and a good agreement between these results is observed.
Numerical results
In this Section, the free vibrational response of FG-CNTRC disks with variable thickness is presented. The disk is made of Polymethyl-methacrylate (PMMA) as the matrix, where SWCNTs act as fibers aligned in the radial direction. The properties of basic materials are The key issue for successful application of the extended rule of mixture to CNTRCs is to determine the CNT efficiency parameter η j (j = 1, 2, 3). However, there are no experiments conducted to determine the value of η j for CNTRCs (Shen, 2009 ). Han and Elliott (2007) , with the use of MD simulation and energy minimization, obtained the elastic moduli of polymer/CNT composites. In the conventional rule of mixture, the whole system is assumed to be continuum and the interfaces between the matrix and fibers remain fully intact, thus the general macroscopic rule of mixtures cannot be applied straightforwardly to composites with strong interfacial interactions. Besides, micromechanics equations cannot capture the scale difference between the nano and micro levels. Table 2 and will be used in the present study, in which it is assumed η 3 = 0.7η 2 (Yas et al., 2013) . Extended rule of mixture Furthermore, the thickness profile of FG-CNTRC disk is in the form of
where h 0 , q and m are geometric parameters that 0 q < 1 and m > 0. By changing the values of q and m, four different thickness profiles, namely constant, linear, concave and convex are introduced in Table 3 and, in the case of a = 0, b = 0.5m, are shown in Fig. 4 . It should be also stated that the plane of revolution of the disk (r-zplane) is devided into 1200 linear quadrilateral elements with mesh density of 60 × 20 regularly placed along the r and z direction. In the case of linear thickness profile, a schematic of finite element mesh is illustrated in Fig. 5 . Table 4 . In this case, the boundary conditions are assumed to be clamped, the thickness profile to be constant and h 0 /b = 0.5. As it can be seen; the normalized natural frequencies increase when V * CN T raises due to growth of the structure stiffness. Moreover, changing the type of CNTs distribution, affects the magnitude of natural frequencies. The FG V type of distribution has the highest natural frequencies and the FG O has the lowest ones.
The comparison of first five normalized natural frequencies for UD and FG-CNTRC solid disks for different boundary conditions with the linear thickness profile, V * CN T = 0.12 and h 0 /b = 0.5 is presented in Table 5 . According to the results, boundary conditions have noticeable effects on natural frequencies. Thus, by changing the boundary conditions, the free vibration response of the disk can be controlled. Table 6 demonstrates the effect of thickness-to-radius ratio on the normalized natural frequencies of UD and FG-CNTRC solid disks for different types of CNTs distribution with the concave thickness profile and V * CN T = 0.17, and the boundary conditions assumed to be simply supported. It is obvious that enlarging the thickness-to-radius ratio leads to growth of natural frequencies, and this growth is larger in the lower natural frequencies. The influence of different thickness profiles on the normalized natural frequencies of free UD and FG-CNTRC solid disks with V * CN T = 0.28 and h 0 /b = 0.5 for different types of CNTs distribution is illustrated in Table 7 . The achieved results show that the natural frequencies are highly dependent on the thickness profile. Moreover, the highest natural frequencies occur in the convex thickness profile and the smallest ones occur in the concave thickness profile. Now, the free vibration response of FG-CNTRC annular disks of variable thickness is discussed. As before, the effect of volume fraction of CNTs, boundary condition, thickness to radius ratio and thickness profile on the first five normalized natural frequencies of annular UD and FG-CNTRC disks are studied, in this case of a/b = 0.2. These results are illustrated in Tables  8-11 . As it can be concluded from these tables, the normalized natural frequncies increase when the volume fraction of CNTs or thickness-to-radius ratio raises. Moreover, the boundary condition and the type of CNTs distribution as well as the thickness profile have a great influence on the normalized natural frequencies. Besides, in comparison to solid disks, annular disks of the same conditions have larger normalized natural frequencies and, unlike the solid disks, the highest normalized natural frequencies of annular disks occur in the case of FG X type of CNTs distribution.
Thus, the normalized natural frequencies can be controlled and altered by changing the distribution and volume fraction of CNTs, boundary condition, thickness-to-radius ratio and the thickness profile.
Conclusions
In this study, free vibration analysis of thick FG-CNTRC annular and solid disks with variable thickness is presented. The axisymmetric conditions are assumed, volume fraction of CNTs is considered to be graded continuously along the radial direction and material properties are estimated through the extended rule of mixture. By employing the graded finite element method and Hamilton's principle, the free vibrational response of FG-CNTRC disks is investigated. Detailed parametric studies are performed to illustrate the effects of several parameters including the type of distribution and volume fraction of CNTs, boundary condition, thickness-to-radius ratio and the thickness profile on the normalized natural frequencies of FG-CNTRC disks. From this analysis, some typical conclusions can be made:
• The normalized natural frequencies increase when the CNTs volume fraction or thickness--to-radius ratio rises.
• In solid FG-CNTRC disks, the FG V type of CNTS distribution has higher normalized natural frequencies than the other types, and in the case of annular FG-CNTRC disks, the higher normalized frequencies occur in FG X type of CNTs distribution.
• By using the variable thickness profile, the normalized natural frequencies can be controlled. Convexing the thickness profile generates larger normalized natural frequencies and concaving the thickness profile, generates smaller ones.
